In this paper, we study the Gauss map of the surfaces in the de Sitter space-time S 4 1 (1). First, we prove that a space-like surface lying in the de Sitter space-time has pointwise 1-type Gauss map if and only if it has parallel mean curvature vector. Then, we obtain the complete classification of the quasi-minimal surfaces with 1-type Gauss map. Mathematics Subject Classification: 53B25, 53C50
Introduction
The notion of finite type mappings have been extensively studied by several geometers after it was introduced by B. Y. Chen in late 1970's. Many results in this topic have been published so far, [1] . Even now, there are several open problems on this subject which are currently being dealt with. Let E m s denote the semi-Euclidean space with dimension m and index s whose metric tensor is given bỹ
and M be an oriented n-dimensional semi-Euclidean submanifold of E m s . Consider a smooth mapping φ defined on M into another semi-Euclidean space E N S . φ is said to be k-type if it can be expressed as a sum of φ = φ 0 + φ 1 + φ 2 + . . . + φ k ,
where φ 0 is a constant vector and φ i is a non-constant eigenvector of ∆ corresponding to eigenvalue λ i for i = 1, 2, . . . , k with λ 1 < λ 2 < . . . < λ k and ∆ is the Laplace operator of M with respect to the induced metric of M, [2] . Note that if the position vector of M is k-type, then M is said to be of k-type, [3, 4] . In particular, if the mapping φ is the Gauss map of M, then M is said to have k-type Gauss map, [5] . From these definitions, one can immediately see that an oriented submanifold M of the semi-Euclidean space E m s has 1-type Gauss map if and only if its Gauss map ν satisfies
for a constant λ and a constant vector C. On the other hand, if ν satisfies
for a smooth non-constant function f and a constant vector C, then M is said to have proper pointwise 1-type Gauss map. A surface M in a 4-dimensional Lorentzian manifold is said to be quasiminimal if its mean curvature vector is light-like on every point of M. In this work, we study the quasi-minimal surfaces of the de Sitter space-time S 4 1 (1) in terms of the type of their Gauss map. In the Section 2, after we describe the general notion that we use, we give a brief summary of the basic facts and definitions. In the section 3, we obtain the complete classification of quasi-minimal surfaces of de Sitter space-time with 1-type Gauss map. We also give a characterization of these type of surfaces with proper pointwise 1-type Gauss map.
Prelimineries
In this section, we give the basic definitions and facts, [6] . We also mention about the notations which we will use in this paper, which are along the lines used in [7] . We put
where , is the indefinite inner product of E 
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for any tangent vector field X, Y and normal vector field ξ, where h and D are the second fundemental form and the normal connection of M in S 4 1 (1), respectively and A is the shape operator of M. We denote the curvature tensor associated with the connections ∇ and D by R and R D , respectively. The Codazzi equation is given by
3) The mean curvature vector H of M in S 
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where
. . , n and X i , Y j denotes the semi-Euclidean inner product of the vectors X i and Y j . We will denote the inner product
S , where S is its index. There exists a one-toone, onto and linear isometry from Λ
The smooth mapping
is called the (tangent) Gauss map of M which assigns a point p in M to the representation of the oriented n-plane through the origin of E m s and parallel to the tangent space of M at p.
M is said to have 1-type Gauss map if (1.2) is satisfied for a constant λ and a constant vector C ∈ E 
Surfaces with pointwise 1-type Gauss map
Let M be a space-like surface in E m s and ν its Gauss map. Consider an orthonormal frame field {e 1 , e 2 ; e 3 , e 4 , . . . , e m }. From [9, Lemma 3.2], one can obtain that ν satisfies ∆ν = ĥ 2 ν+ 3≤α≤β≤m ε α ε β RD(e 1 , e 2 )e α , e β e α ∧e β −2D e 1Ĥ ∧e 2 −2e 1 ∧D e 2Ĥ , (3.1) whereD,ĥ andĤ denote normal connection, second fundemental form and mean curvature vector of M in E m s , respectively, RD is the curvature tensor associated withD and ĥ 2 is the squared norm ofĥ. h(e i , e j ) =ĥ(e i , e j ) + δ ij x, RD(e 1 , e 2 ; ξ, x) = 0, RD(e 1 , e 2 ; ξ, η) = R D (e 1 , e 2 ; ξ, η),
whereD,ĥ andĤ denote normal connection, second fundemental form and mean curvature vector of M in E 5 1 , respectively, and RD is the curvature tensor associated withD. By taking into account these equations, we obtain from (3.1) that
D (e 1 , e 2 ; e 3 , e 4 )e 3 ∧ e 4
Now, we assume that M has pointwise 1-type Gauss map, i.e., (1.3) is satisfied for a smooth function f and a constant vector C ∈ E 6 3 . From (1.3) and (3.2) we obtain
from which we get
from which we obtain
As C is a constant vector, (3.4) implies
By using (2.1) and (2.2), we obtain
where ζ is a vector field tangent to S Thus, we obtain that C is of the form of C = C 34 e 3 ∧ e 4 . By a further calculation, we have C 34 = 0 which yields C = 0. Thus, we have Proof. Now, we assume that M has pointwise 1-type Gauss map and H = 0. Then, Proposition 3.1 implies that (1.3) is satisfied for C = 0 and f = 4 − 2K + H, H . From (1.3) and (3.2) we have
D (e 1 , e 2 ; e 3 , e 4 )e 3 ∧e 4 −2D e 1 H ∧e 2 −2e 1 ∧D e 2 H = f ν (3.8) which imply D e i H = 0, i.e., H is parallel.
Conversely, if H is parallel, then the normal bundle of M is flat. Thus (3.2) implies ∆ν = (4 − 2K + H, H ) ν. Hence, M has pointwise 1-type Gauss map. Proof. Now, we assume H = 0. Then, because of Proposition 3.1 and (3.2), M has pointwise 1-type Gauss map if and only if
D (e 1 , e 2 ; e 3 , e 4 )e 3 ∧ e 4 = f ν (3.9)
is satisfied for a smooth function f . 
